The effective lattice models in strongly correlated electron systems are derived in particular for the cuprate superconductors, that incorporate the quantum fluctuations of the spin Berry's phase and the antiferromagnetic fluctuation. Consistent with the field-theoretical approach, the density modulation, the weak ferromagnetism, and the superconductivity are reproduced. We discussed the pros and cons of the effective-model approach and demonstrate that both positive and negative Hubbard model are the effective models subject to the occurrence of the quantum fluctuations of the correlation degrees of freedom.
Introduction
Effective lattice modeling is necessary in condensed matter physics, since the Grand Hamiltonian [1] , namely the Coulomb interaction between electrons, is not exactly solvable.
In this approach, the only guiding principle of the model building is the experimental facts.
In the strongly correlated electron systems, we have encountered tremendous failures in this approach, especially in cuprate superconductors, since the exotic experimental facts, that go beyond our knowledges, keep appearing. Among all of them, the most exotic ones are arguably the pseudogap formation [2] , the Fermi-arc formation, weak ferromagnetic timereversal-symmetry breaking [3] , charge density modulations [4, 5] , and the superconductivity [6] . The physics of cuprate superconductors are thought to be difficult, as well as other correlated electron systems, because there is no single model that explains all experiments.
In this paper, we shall show that the above statement is true. While the positive Hubbard model describes the uniform state, the Hubbard term has to change sign to describe the inhomogeneous state in the derivation of the effective models. Furthermore, the systematic method to study correlated electrons will be outlined.
The correlation is a pure quantum-mechanical concept that is the consequence of the wavefunction overlaps. It is a non-perturbative effect and generates dynamics additionally.
For example, the antiferromagnetic correlation is the consequence of the spatial wavefunction overlaps. The overlap of the spin wavefunction gives rise to the spin-Berry's phase,
where z α are the spin wavefunctions, and z † α z α = 1. The spin-Berry's phase is a gauge field in nature [7] . Namely, taking z α → e iλ(x) z α , a → a + ∇λ defines the gauge transformation.
As an alternative approach, the correlations are considered as the explicit degrees of freedom that give rise to the dynamics to the electrons, and the effective models can be derived. Assuming that the anti-ferromagnetic correlation and the spin-Berry's phase are the significant where the antiferromagnetic correlation is parametrized by φ(t, x) = 
where k 2 = ω 2 − | k| 2 , and ρ σ and J σ are the density and the current operators respectively.
In the | k| → 0 limit, Eq. (3) reduces to the positive Hubbard model. The contact repulsive interaction is the cause of the pseudogap formation [8] .
The electronic structure in cuprate superconductors is not homogeneous. The Fermi-arc formation [2] , the charge density modulation [4, 5] , and the ferromagnetic time-reversalsymmetry breaking [3] robustly exist. The inhomogeneity suggests that we should look into
expansions in the Eq. (3) for the effective Hamiltonian. Actually, those phenomena have been shown to be the consequences of the quantum fluctuations of the antiferromagnetic correlation and the spin-Berry's phase [9] . In this paper, we will show that those results can be reproduced in the
expansions. In the previous approach, the dynamics of electrons due to the quantum fluctuations was discussed only at the classical level [9] . Namely, the quantum fluctuation is taken as the external force applying to the electrons by the Newton's laws. The current effective-model approach advances to the quantum dynamics, that may as well facilitates the numerical computation.
Before deriving the effective model, let us comment about the quantum fluctuations. The concept of the quantum fluctuations has been applied to all fields in physics. In the correlated electron systems, quantum fluctuations are often discussed in the context of quantum criticality. However, we should emphasize that the quantum fluctuations in cuprate superconductors have nothing to do with the quantum criticality [9] . They are the quantum fluctuations of the gauge degrees of freedom in the paramagnetic correlated electronic phase.
Derivation
Let us expand the interaction terms in Eq. (3). The density-density interaction is given
The first term in Eq. (4) is positive indicating the repulsive interaction and corresponds to the Hubbard on-site interaction, which is the origin of the pseudogap formation in the homogeneous state [8] . The second term in Eq. (4) is the interaction energy for the inhomogeneous states, that is given by
The first term in Eq. (5) is related to the energy of the inhomogeneous state, that is determined by the onset temperature of the charge density modulation ∼ (
can be neglected [9] . Discretizing the second term, we obtain
containing the contact interaction and the interaction between the nearest neighbor sites.
The first term in Eq. (6) is negative, and the second term is positive. The on-site attractive interaction pulls the electrons together to stay on the same site. Together with the repulsive nearest neighbor interaction, the inhomogeneous state favors a checkerboard pattern of the density modulation as shown in Fig. (1) , that is consistent with our previous work and the experiments [4, 10] . Due to the Pauli exclusion principle, two electrons on the same site must have opposite spin orientations. The mobility of the electron pairs enhances as the system is doped with the holes. As the temperature is low, the electrons on the same site form the superconducting pair, and the superconductivity arises.
It is observed that the length scale of the charge density modulation is the lattice scale, where the wavelength is roughly 4c 0 in cuprates [4, 5, [11] [12] [13] . M 0 , defining the length scale of the interaction, is in the same scale of the density modulation. Namely, M 0 c 0 is of order of unity, which indicates that the contact interaction in Eq. (6) modifies the repulsive Hubbard term to be attractive. This result echoes our mechanism of the superconductivity in cuprates [10] , where the presence of the quantum fluctuations of the antiferromagnetic correlation effectively generates the attractive force to cancel the repulsive force that leads perform to obtain correct physics.
The current-current interaction is of much smaller order of magnitude than the densitydensity interaction. From the continuity equation, the order of magnitude of the current can be estimated by
which is roughly 10 −4 ρ. The current-current interaction is due to the Lorentz force of the spin-Berry's phase. Performing a similar procedure and taking
where M 1 = M 0 for the cuprates.
In the two-dimensional motion, translational motion is equivalent to the rotational motion. Due to the density-density interaction in Eq. 
The effective model
Inspired by Eq. (3), we suggest that the effective lattice models in the strongly correlated electron systems have two stages. In the uniform state, the positive U Hubbard model effectively describe the pseudogap formation. On the occurrence of the quantum fluctuations of the correlation degrees of freedom, electronic structure becomes inhomogeneous. The effective model is modified to be
where < ij > denote the nearest neighbors, and both V 0 and V 1 are positive. Eq. (9) is nothing but the extended negative Hubbard model. In addition, the current-current interaction also plays an important role. The phase diagrams of Eq. (9) have been studied in the strong-coupling limit and the weak-coupling limit [14, 15] . In Fig. (2) , their results of the finite temperature phase diagram versus electron density ranging from 0 ≤ n ≤ 2 in the strong-coupling limit is quoted for V 1 = 0.1
. Since the quantum fluctuations is doing dependent, we expect that V 0 and V 1 in Eq. (9) is doping dependent, as well. The relevancy of the Eq. (9) to cuprates can be understood as the following. Except for V 1 = 0, there are four phases: a charge density wave, the s-wave superconductivity, the mixed state of the above two, a disorder phase. All phases are separated by a second order phase transition.
There is a superconducting dome containing two phases, pure and the mixed states [2] . The charge density wave occupies the finite temperature region vanishing at the optimal doping of the dome. The mixed state naturally explains the recently-observed the pair-densitywave [4, 16] , which vanishes at the doping n c1 . The superconductivity in cuprates vanishes at around 27% doping, suggesting that V 0 and V 1 should be zero at that doping. Therefore, there should be another n c2 truncating the superconducting dome for the real situation.
FIG. 2.
The finite temperature phase diagram of the extended negative Hubbard model in the strong-coupling limit, that is t < V 0 . The vertical axis is the temperature, and the horizontal axis is the electron density ranging from 0 ≤ n ≤ 2. There are four phases: charge density wave, s-wave superconductivity, their mixed state, and the disorder phase. The superconducting dome contains the mixed and the pure states. The red dot line indicate that the superconducting dome should be truncated in cuprates, since V 0 and V 1 should be zero at 27% doping.
The extended negative Hubbard model hosts the s-wave superconductivity only. It is not the complete effective model, since the current-current interaction is not included. The
, suggests an intra-unit-cell orbital motion [9] , in favor of a finite orbital angular momentum state illustrating the weak ferromagnetism. The orbital angular momentum supplies the d-wave symmetry of the electron pairs. The current-current interaction is small comparing to the density-density interaction.
The phase diagram remains the same subject to the s-wave superconductivity replaced by the d-wave superconductivity.
In the current approach, the effective electronic model is derived by integrating over the correlation degrees of freedom that are described by a non-compact massive U(1) gauge theory. The compact version, namely the lattice counterpart, is not trivial. A näive construction of the compact abelian lattice gauge theory with the Higgs of the fixed magnitude was considered by Fradkin and Shenker [17] . If the Higgs field is not in the fundamental representation, which is our case, there are two phases separated by a phase boundary:
confined phase and the Higgs phase. In both phases, gauge field are massive. Fradkin and Shenker commented that it is not trivial to find the continuous limit of their abelian lattice gauge theory [17] . Similar difficulty happens here. Besides the detail mapping of the Eq. (9) to the cuprates, a large scale calculation to extract the doping dependence of V 0 and V 1 , one of the future directions is to find a correspondent lattice gauge theory of which the current theory is the continuous limit.
Summary
In summary, our approach serves as a new recipe to study the correlated electrons. The effect of the wavefunction overlaps delicately handcrafts new dynamics that organizes the correlated electrons to form a new state of matter in distinction to the Fermi liquid. However, while the effective-model approach has been successful as the standard language, there are obstacles in the application to strongly correlated electron systems, in particular cuprates.
Firstly, the density modulation and the weak ferromagnetism arise without phase transitions.
They are actually not states but phenomena [9] . In the effective-model approach, they are described by physical states, and the problem to avoid phase transitions is inevitable.
Secondly, in the polar Kerr rotation experiment, the direction of the ferromagnetic moment is independent of the direction of the training field, which is intractable using the current approach.
Identifying the correlation as the emergent degrees of freedom, the quantum fluctuations of the correlations give rise to diverse phenomena, including the instability to superconductivity [10] . Due to the large mass scale (∼ 123 eV), the quantum fluctuations occur above the boiling point of the liquid nitrogen. Although the occurrence of the quantum fluctuations vetoes to use a single effective model to describe all phenomena in the correlated electron systems, this new physical degrees of freedom have demonstrated many interesting existing properties, and there may be more to explore.
